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ABSTRACT
We calculate the electronic structures of Germanium nanowires by taking the effective-mass theory. The electron and hole
states at the Γ-valley are studied via the eight-band k.p theory. For the [111] L-valley, we expand the envelope wave function
using Bessel functions to calculate the energies of the electron states for the first time. The results show that the energy
dispersion curves of electron states at the L-valley are almost parabolic irrespective of the radius of Germanium nanowires.
Based on the electronic structures, the density of states of Germanium nanowires are also obtained, and we find that the
conduction band density of states mostly come from the electron states at the L-valley because of the eight equivalent
degenerate L points in Germanium. Furthermore, the optical gain spectra of Germanium nanowires are investigated. The
calculations show that there are no optical gain along z direction even though the injected carrier density is 4×1019 cm−3 when
the doping concentration is zero, and a remarkable optical gain can be obtained when the injected carrier density is close to
1×1020 cm−3, since a large amount of electrons will prefer to occupy the low-energy L-valley. In this case, the negative optical
gain will be encountered considering free-carrier absorption loss as the increase of the diameter. We also investigate the
optical gain along z direction as functions of the doping concentration and injected carrier density for the doped Germanium
nanowires. When taking into account free-carrier absorption loss, the calculated results show that a positive net peak gain is
most likely to occur in the heavily doped nanowires with smaller diameters. Our theoretical studies are valuable in providing a
guidance for the applications of Germanium nanowires in the field of microelectronics and optoelectronics.
Introduction
Group IV semiconductor nanowires have stimulated a lot of research interests owing to their broad range of applications in
the fields of nanoelectronics and optoelectronics. As we know, Gemanium (Ge) is a special kind of semiconductor material
compared with Silicon (Si). Because on the one hand, it has small carrier effective mass, indicating that the large carrier
mobilities in the devices made of Ge material, and on the other hand, a small direct band gap is about 0.80 eV at the minimum
Γ-vally, which is 136 meV larger than the indirect band gap at the minimum L-valley1. The lower energy in the L-valley
makes the applications of Ge-based optical devices in laser fields a big obstacle, because most electrons will fill the indirect
L-valley firstly and only a small amount of electrons can leak into the direct Γ-valley, thus the low luminescent efficiency will
be encountered.
Difficulties caused by the indirect-band-gap nature of Ge material have forced researchers to find solutions. In the past
decades, various efforts including heavy n-type doping2–4, tensile strain5–8 and incorporating tin (Sn)9–13 have been imple-
mented to adjust the band structures of bulk or low-dimensional Ge material. No matter what kind of methods, the goal is
to diminish the energy difference between the L-valley and Γ-valley, and to enhance the occupied proportion of the electrons
at the Γ-valley. So far, for the nanostructures of Ge, a lot of research work mainly foucs on the mechanical, electrical and
optical properties of Ge or Ge alloy quantum wells (QWs), such as Ge14, Ge/GeSi15, Si/GeSiSn16, and GeSn/GeSiSn17 QWs,
and some of these work have been proved effectively to reverse the minimum of Γ-valley and L-valley. Besides the quantum
wells, a number of other papers are devoted to studying the properties of Ge-related nanowires. For example, in experiments,
Ge nanowires were reported to be synthesized successfully in many groups1,18–20, and especially, the excellent size control of
the diameters of Ge nanowires below 10 nm were able to be realized19,21,22. In comparison with the bulk structures, there are
many advantages for the use of nanowires or quantum wires in the field of optoelectronics. Firstly, the carriers are confined in
two dimensions and only free in one direction, which may lead to a higher spontaneous emission rate. Secondly, nanowires
can withstand several times of mechanical strain, and the related experimental results on Ge nanowires have been reported23.
Finally, nanowires can be easily integrated in photonic-integrated circuits because of the small size, as reported in Ref.1. Par-
allel to the experimental work, the theoretical work on Ge nanowires were also carried out. The electronic properties of Ge
or Ge/Si nanowires with and without the strain effects were mainly calculated via the first-principle method24,25. However,
there are a lot of drawbacks using this method to study nanowires. On the one hand, it is time-consuming or impossible
for calculating the electronic structures of nanowires with large diameters, thus the diameters of the calculated nanowires
in Refs.24,25 did not exceed 6 nm. On the other hand, the detailed physics cannot be clarified clearly when calculating the
optical properties of nanowires. For example, similar to the quantum wells in the field of lasers, nanowires can also be used
as miniature lasers26–28, while the optical gain of nanowires can not be calculated and analyzed in detail by ab initio method.
In this paper, we establish the direct-band-gap optial gain theory of Germanium nanowires. We take the effective-mass
theory to investigate the electronic structures and optical gain of Ge nanowires with the diameters from 6 nm to 18 nm, and the
indirect [111] L-valley is taken into account. At the Γ-valley, the eight-band k.p theory is used to calculate the enegies of the
electron and hole states. Meanwhile, the main focus is on the [111] L-valley of Ge nanowires. For the first time, we adopt the
Bessel functions to expand the envelope wave functions of the electrons at the L-valley, then the electron states at the L-valley
can be obtained. Further, the optical gain spectra as functions of the diameters, doping concentrations and injected carrier
densities are calculated, and free-carrier absorption (FCA) loss is also considered. The followings are the organization of this
paper. First of all, the theoretical model are presented, including the computational models of the electronic structures, density
of states, optical gain and FCA loss of Ge nanowires. Secondly, we give the corresponding numerical results and discussions.
Finally, a brief summary about our theoretical results are drawn.
The theoretical model
The electronic structures of Ge nanowires at the Γ-valley and L-valley
At the Γ-valley, based on the eight Bloch basis: |S〉 ↑, 1√
2
(|X〉+ i|Y〉) ↑, |Z〉 ↑, 1√
2
(|X〉− i|Y〉) ↑ and |S〉 ↓, 1√
2
(|X〉+ i|Y〉) ↓,
|Z〉 ↓, 1√
2
(|X〉− i|Y〉) ↓, the Hamiltonian of zinc-blende structure Ge without the stress can be expressed as follows29:
Height =
(
HUint 0
0 HLint
)
+Hso (1)
where HUint=H
L
int is a 4×4 matrix, which can be written as:
HUint =
1
2m0


εg +Pe
i√
2
p0p+ ip0pz
i√
2
p0p−
− i√
2
p0p− −P1 −S −T
−ipo pz −S∗ −P3 −S
− i√
2
p0p+ −T ∗ −S∗ −P1

 (2)
In the above matrix, the elements Pe, P1, P3, T , T ∗, S and S∗ can be found in Ref.29 and it should be noticed that the
parameters α , mc, Lp, M, N, Ep, Eg and ∆so are used to determine the band structures of Ge nanowires at the Γ-valley. Hso is
the valence band spin-orbit coupling (SOC) Hamiltonian, which is an 8×8 sparse matrix. There are only following non-zero
matrix elements in Hso, namely, Hso(3,3)=Hso(7,7)=-∆so/3, Hso(4,4)=Hso(6,6)=2Hso(3,3), Hso(3,6)=Hso(6,3)=
√
2Hso(3,3)
and Hso(4,7)=Hso(7,4)=-
√
2Hso(3,3). We can use the Bessel expansion method to solve the above Hamiltonian29, and then
the electron and hole states at the Γ-valley can be obtained.
For indirect-band-gap semiconductor Ge, the electron states of the [111] L-valley must be considered, because the band
gap at the L-valley is only a little smaller than that of the Γ-valley. As we know, there are eight degenerate equivalent L points
in Ge, whereas only half of the ellipsoids are inside the first Brillouin zone. Hence, for simplicity, we only need to take into
account one particular L-valley for [001] Ge nanowires, which is the same as the case of Ge-related quantum wells (QWs)17.
The Hamiltonian of the [111] L-valley of [001] Ge nanowires can be expressed as17
H
[111]
L =
h¯2
2m∗1
(kz−pi/a)2+
√
2h¯2
3m∗2
k1(kz−pi/a)+ h¯
2
2m∗3
k21+
h¯2
2m∗4
k22+VL(r,θ ) (3)
where 1/m∗1=1/(3ml,L)+2/(3mt,L), 1/m
∗
2=1/ml,L-1/mt,L, 1/m
∗
3=2/(3ml,L)+1/(3mt,L), m
∗
4=mt,L, and m
∗
l,L and m
∗
t,L are the lon-
gitudinal and transverse effective masses at the L-valley. k1=(kx + ky)/
√
2 and k2=(−kx + ky)/
√
2. kz is a good quantum
number for Ge nanowires, which is relative to pi/a, namely, the minimum point of the L-valley, where a is the lattice con-
stant of Ge. VL(r,θ ) is the confined potential of the electron at the L-valley in Ge nanowires, which can be taken as zero in
the nanowires and infinity outside the nanowires, respectively. Then, the wave function of the electron at the L-valley can
2/15
be written as χ [111]L =FL(r,θ ,kz)υL, where FL(r,θ ,kz) and υL are the envelope wave function and Bloch states at the L-valley,
respectively. In order to obtain the energies of the electron states at the L-valley, we must solve the following Schrödinger
equation
H
[111]
L FL(r,θ ,kz) = E
L
nc
(k)FL(r,θ ,kz) (4)
Because the cylindrical symmetry of [001] Ge nanowires has been broken at the [111] L-valley, which is different from the
case of the Γ-valley. We must expand the envelope wave function FL(r,θ ,kz) as
FL(r,θ ,kz) = ∑
n,m
an,mAn,m jm(k
m
n r)e
imθ eikzz (5)
where jm(kmn r) is the mth order Bessel function, which ensures that the wave function of the electron at the boundary r=R is
zero at the [111] L-valley. In addition, kmn =
αmn
R
, and R is the radius of Ge nanowires. The parameter αmn is the nth zero point
of m order Bessel function, and An,m is the normalization constant of jm(kmn r). The detailed matrix elements of the above Eq.
(5) are presented in Appendix and we can obtain the energy level of each electron state at the L-valley by diagonalizing the
Hamiltonian H [111]L numerically.
The density of states and quasi-Fermi levels of conduction and valence band of Ge nanowires
Based on the electronic structures of Ge nanowires at the Γ-valley and L-valley, the conduction and valence band density of
states (DOS) of Ge nanowires can be calculated as
Dc(E) =
1
2piS ∑nc
∫
BZ
δ [E −EΓnc(kz)]dkz + 8
1
2piS ∑nc
∫
BZ
δ [E−ELnc(kz)]dkz (6)
Dv(E) =
1
2piS ∑nv
∫
BZ
δ [E −EΓnv(kz)]dkz (7)
where EΓnc(kz), E
L
nc
(kz) are the energies of the ncth electron state at the Γ-valley and L-valley, respectively, and EΓnv(kz) is the
energy of the nvth hole state at the Γ-valley. S is the cross-section area of the nanowires. A factor of 8 in Eq. (6) means that
the spin degeneracy of four equivalent L-valley is included in Dc(E) of the conduction band, and it should be noticed that the
spin of the electron and hole states at the Γ-valley has also been included in Eqs. (6) and (7).
We can determine the quasi-Fermi levels E f c of the conduction band numerically at a given temperature T usingNe=Nd+∆n,
where Nd and ∆n are the donor doping concentration and injected carrier density, respectively. Because Ge nanowires should
be heavily n-type doped, the donor doping concentration Nd is much larger than that of the acceptor doping concentration Na,
and Na can be neglected. Therefore, E f c can be calculated via the following equation
Ne = Nd +∆n =∑
nc
1
2piS
∫
BZ
[
exp
(EΓnc(kz)−E f c
kBT
)
+ 1
]−1
dkz+
8∑
nc
1
2piS
∫
BZ
[
exp
(ELnc(kz)−E f c
kBT
)
+ 1
]−1
dkz
(8)
where kB is the Boltzmann’s constant. Similarly, the quasi-Fermi levels E f v of the valence band can be calculated as
Nh = ∆n = ∑
nv
1
2piS
∫
BZ
[
exp
(E f v−EΓnv(kz)
kBT
)
+ 1
]−1
dkz (9)
The optical gain of Ge nanowires
In the previous subsection, E f c and E f v in Eqs. (8) and (9) are determined numerically, and after that we can calculate the
optical gain g(E) of Ge nanowires via the following equation
g(E) =
[
1− exp(E−∆F
kBT
)] pie2h¯
m20ε0nrcE
×
∑
nc,nv
∫
BZ
dkz
2piS
|Mnc,nv |2 fnc(kz)
(
1− fnv(kz)
) 1
pi
h¯/τ
(Eeh −E)2+(h¯/τ)2
(10)
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where m0 and e are the mass the charge of the free electron, respectively, ε0 is the dielectric constant of the vacuum, and nr
is the refractive index of Ge material. ∆F=E fc-E fv is the separation between the quasi-Fermi levels of E fc and E fv , Eeh is the
transition energy, E is the photon energy and τ is the relaxation time. fnc(kz) and 1- fnv(kz) are the Fermi-Dirac distribution
functions of the electron and hole, respectively, which can be expressed as
f Γnc(kz) =
[
exp
(EΓnc(kz)−E f c
kBT
)
+ 1
]−1
, f Lnc(kz) =
[
exp
(ELnc(kz)−E f c
kBT
)
+ 1
]−1
(11)
1− fnv(kz) =
[
exp
(E f v−EΓnv(kz)
kBT
)
+ 1
]−1
(12)
|Mnc,nv |2 is the squared optical transition matrix element from the ncth electron state to nvth hole state. If the optical transition
selection rule of nanowires is satisfied, |Mnc,nv |2 along z direction can be expressed as29
∣∣∣Mznc,nv
∣∣∣2 = ∣∣∣∑
n
(e∗m,kz,n,↑cm,kz,n,↑+ e
∗
m+1,kz,n,↓cm+1,kz,n,↓)
∣∣∣2∣∣∣〈S|pˆz|Z〉
∣∣∣2 (13)
where 〈S|pˆz|Z〉 relates to the Kane energy Ep30. |Mnc,nv |2 along x direction can also be calculated similarly.
Free-carrier absorption loss of Ge nanowires
As we know, the free-carrier absorption (FCA) loss of heavily doped Ge nanowires can not be neglected. By using Drude-
Lorentz equation, FCA loss can be calculated as16
α f =
e3λ 2
4pi2c3ε0nr
[ NΓe
µΓ(m
∗
cΓ)
2 +
NLe
µL(m∗cL)2
+
Nh
µh(m
∗
h)
2
]
(14)
where the parameters e, c, ε0 and nr are the same as those in Eq. (10), and λ is the free space wavelength. m∗cΓ and m
∗
cL are
the conductivity effective masses at the Γ-valley and L-valley, respectively. m∗cΓ can be considered as mc due to the isotropy at
the Γ-valley, and m∗cL can be calculated as follows using two effective-mass m
∗
l,L and m
∗
t,L at the L-valley
m∗cL =
3
1
m∗
l,L
+ 2
m∗t,L
(15)
For unstrained Ge, the top valence band is heavy hole, thus we can use the heavy hole effective-mass as m∗h, namely,
m∗h=1/(γ1− 2γ2)31. NΓe and NLe are the electron concentrations at the Γ-valley and L-valley, respectively. µΓ and µL are
the electron mobilities at the Γ-valley and L-valley, respectively. µL can be expressed as16
µL =
3900
1+
√
NLe × 10−17
(16)
where the units of µL and NLe are cm
2 V−1 s−1 and cm−3, respectively. If we assume the scattering times of the electrons at
the Γ-valley and L-valley are the same, µΓ can be calculated via the relation µΓ=
m∗cL
m∗cΓ
µL. In additon, by fitting the experimental
data, we can calculate the hole mobility µh of Ge as16
µh =
1900
1+
√
Nh × 2.1× 10−17
(17)
where the units of µh and Nh are also cm2 V−1 s−1 and cm−3, respectively.
Numerical results and discussions
The electron and hole states of Ge nanowires
In this section, first of all, we will calculate the electronic structures of Ge nanowires. During the calculation of the band
structures at the Γ-valley, the parameters of Ge material at T=300 K are taken: three Luttinger’s parameters γ1=13.38, γ2=4.24,
γ3=5.6917,32, the effective mass of the electron at the Γ-valley mc=0.038 m017,32, the spin-orbit splitting energy ∆so=0.29
eV17, the band gap EΓg =0.7985 eV
17. The Luttinger’s parameters can be converted to our used parameters via the following
relations33
Lp = γ1+ 4γ2, M = γ1− 2γ2, N = 6γ3 (18)
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In order to eliminate the spurious solutions, we can set the Kane energy Ep suggested by Foreman as33
Ep =
3m0
mc
1
2/EΓg + 1/(EΓg +∆so)
(19)
While the parameters of Ge material at the L-valley are taken: two effective masses ml,L=1.57 m0 and mt,L=0.0807 m017, the
lattice constant a=5.6573 Å17, and the band gap ELg =0.664 eV
17.
Figures 1(a) and 1(b) show the six lowest electron states and ten highest hole states of Ge nanowires with the diameter
D=6 nm at the Γ-valley, respectively. Because of the cylindrical symmetry of [001] Ge nanowires at the Γ-valley, the total
angular momentum projection along z axis of nanowires J is a good quantum number, and each electron and hole state is
doubly degenerate with the same |J|. Therefore, we can use eJn and hJn to denote each electron state and hole state at the
Γ-valley conveniently, where the meanings of n and J can be found in Ref.29. In figure 1(a), we can see that the ground
electron state is e1/20 at the Γ point, and e
1/2
0 is degenerate with e
−1/2
0 . According to the analysis, it is found that e
1/2
0 is mainly
composed by |S〉↑ Bloch basis component, which can also be seen in the probability density of figure 2(a). The reason is that
the zero order Bessel function j0(r) is the largest at r=0, the probability density in figure 2(a) is large near the radial center
r=0. The two following electron states are e1/21 and e
3/2
0 at the Γ point, respectively, and these two states are close at the Γ
point. As the increase of the wave vector kz, e
1/2
0 , e
1/2
1 and e
3/2
0 will cross, which means that the electron states at the Γ-valley
present a slight non-parabolic band behaviour. The probability densities of e1/21 and e
3/2
0 at the Γ point are also presented in
figures 2(b) and 2(c), which are very different from that of the ground state e1/20 . In figure 1(b), it can be seen that the three
highest hole states are h1/20 , h
1/2
1 and h
3/2
0 at the Γ point, respectively. The main Bloch basis component is |Z〉↑ in h1/20 , which
accounts for about 80% of the total component. Similar to the probability density of e1/20 in figure 2(a), we can also analyze
the main component from the probability density of h1/20 in figure 2(e). h
1/2
1 is mainly composed by
1√
2
(|X〉+ i|Y 〉) ↑ and
1√
2
(|X〉− i|Y 〉) ↑ Bloch basis components, which accounts for about 80% of the total component. Unlike the electron states, it
can be seen that the hole states show strongly non-parabolic in figure 1(b). Furthermore, from figures 2(e)-(h), we can find that
the hole states are more localized than the electron states near the radial center r=0. When the diameter D increases to 18 nm,
the six lowest electron states and ten highest hole states are presented in figures 3(a) and 3(b), respectively. We can clearly see
that the electron and hole states become more concentrated compared with the case of the diameter D=6 nm, because of the
weakness of the quantum confinement effect. In figure 3(a), two groups of the electron states are very close, which have been
enlarged in two small inset figures. The first excited state is not e1/21 , and becomes to e
3/2
0 at the Γ point, whose main Bloch
basis component is also |S〉↑. However, in figure 3(b), it is found that the order of three highest hole states is unchanged.
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Figure 1. (a) The six lowest electron states and (b) ten highest hole states of Ge nanowires with the diameter D=6 nm at the
Γ-valley.
Figure 4(a) shows the six low electron states of Ge nanowires at the [111] L-valley when the diameter D is 6 nm. As
discussed above, each electron state is eight-fold degenerate in the Brillouin zone. However, at one paticular L-valley, each
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Figure 2. The probability densities of the four lowest electron states and four highest hole states of Ge nanowires with the
diameter D=6 nm at the Γ point. (a)-(d) represent the electron states e1/20 , e
1/2
1 , e
3/2
0 and e
3/2
1 , respectively. (e)-(h) represent
the hole states h1/20 , h
1/2
1 , h
3/2
0 and h
3/2
1 , respectively.
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Figure 3. (a) The six lowest electron states and (b) ten highest hole states of Ge nanowires with the diameter D=18 nm at
the Γ-valley. The inset figures in (a) are the enlargement of two group close electron states, and the first group close electron
state is e3/20 and e
1/2
1 .
electron state is not degenerate for [001] Ge nanowires because the cylindrical symmetry is broken at the [111] L-valley,
which is unlike the case at the Γ-valley. During the calculation, we must ensure the convergence of the energy ELe by carefully
choosing the appropriate cutting m in Eq. (5). As seen in the figure, we find that not only the ground state but also the
excited states are all almost parabolic. The term k1(kz−pi/a) in Eqs. (3) and (4) will couple m and m+ 1, m− 1 order Bessel
functions, but the coupling is too weak in Ge nanowires to affect the parabolic behaviour of each electron state at the L-valley.
Figures 4(b) and 4(c) are the same as figure 4(a) but for D=12 and 18 nm, respectively. Obviously, the electron states of
these two figures are still approximately parabolic, while the curvature of the parabola of these electron states will increase
as the increase of the diameter of Ge nanowires. In addition, we notice that the states become dense when D increases from
6 nm to 18 nm, which is also due to the weakening of the quantum confinement effect. In figures 4(d)-4(g), the probabilities
densities of four lowest electron states are plotted at the minimum L-valley, namely, pi/a. Unlike the probability densities
of the electron states at the minimum Γ-valley in figures 2(a)-(d), we can obviously see that the cylindrical symmetry of all
these four electron states are broken at the minimum L-valley, and their probability densities depend on the azimuth angle θ .
Moreover, the ground electron state in figure 4(d) is most likely to appear near the center r=0, which means that m=0 term in
Eq. (5) is the main contribution to its probability density. While two following electron states in figures 4(e) and 4(f) show
very interesting probability density distribution, and m=1 and -1 terms in Eq. (5) primarily contributes to their probability
6/15
densities.
Figure 4. (a) The six lowest electron states of Ge nanowirs with the diameter D=6 nm at the L-valley. (b) and (c) are the
same as (a) but for the diameter D=12 nm and 18 nm, respectively. (d)-(g) are the probability densities of four lowest
electron states of Ge nanowires with the diameter D=6 nm at the minimum L-valley, namely, pi/a.
The density of states and optical gain of Ge nanowires
The density of states (DOS) are important for understanding the carrier occupation in Ge nanowires. Figure 5(a) shows the
valence and conduction band DOS of Ge nanowires when the diameter D is 6 nm, and the conduction band DOS with and
without L-valley are presented in the figure for comparison. We can see that there are a series of sharp peaks in valence
and conduction band DOS, which is a remarkable characteristic of one-dimensional density of states. Let us focus on the
conduction band DOS. Obviously, the conduction band DOS will increase substantially when counting the electron states at
the L-valley, which is due to a factor of 8 in the right side of Eq. (6). Therefore, the electrons will only occupy the L-valley
of Ge nanowires when the carrier concentration is low. As the increase of the concentration, a small amount of the electrons
begin to fill the Γ-valley. Figure 5(b) shows the DOS of Ge nanowires when the diameter D=18 nm. We can see that more
peaks will appear in the DOS as the increase of the diameter D, because the electron states become more and more dense, as
shown in figures 1, 3 and 4.
As discussed in the above section, the quasi-Fermi levels E f c and E f v in Eqs. (8) and (9) can be determined for a given
temperature and carrier concentration, thus we can further calculate the optical gain g(E) of Ge nanowires via Eq. (10)
according to their density of states. In the calculation, the refractive index and relaxation time are chosen as: nr=4.02 and
τ=0.0658 ps32, respectively, and the temperature is set to T=300 K. Meanwhile, the optical transition selection rules along
z or x directions from all electron states to hole states should be satisfied. First of all, we consider the case that the doping
concentration Nd equals to 0. Figure 6(a) shows the optican gain spectra of Ge nanowires along z direction as a function of
the injected carrier density ∆n with D=6 nm when Nd=0. In the figure, N0 represents the value 1×1019 cm−3. We can see that
there is no optical gain even though ∆n=4 N0, namely, 4×1019 cm−3, which is due to nearly total occupation of the electrons
in the L-valley. For example, when ∆n=4 N0, the occupied proportion of the Γ-valley is only about 0.385%. Therefore, for
indirect-band-gap Ge nanowires, we need to take some measures to improve the occupied proportion of the injected electrons
at the Γ-valley in the future work. As the increase of ∆n, more and more electrons begin to fill the Γ-valley, and the optical gain
appears in the figure. Obviously, the peak value of the optical gain g(E) can reach to about 7790.33 cm−1 if ∆n increases to 9
N0. It can be analyzed that the peak of optical gain comes from the optical transition e
1/2
0 ⇒h1/20 and e−1/20 ⇒h−1/20 . Because
e
1/2
0 and e
−1/2
0 are degenerate, so does h
1/2
0 and h
−1/2
0 , these two optical transitions coincide at the photon energy E≈1.127
eV, which belongs to the infrared range. The optical gain spectra of Ge nanowires as a function of ∆n is shown in figure 6(b)
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Figure 5. (a) The conduction and valence band density of states (DOS) of Ge nanowires with the diameter D=6 nm. The
conduction band DOS with and without L-valley are presented by red and blue solid line, respectively. (b) is the same as (a)
but for the diameter D=18 nm. The conduction band DOS including the L-valley is presented by red solid line.
when the diameter D=12 nm and Nd=0 . As seen in the figure, a obvious peak will appear as the increase of ∆n, and the
peak value of g(E) can reach to about 1814.70 cm−1 at the photon energy E≈0.935 eV if ∆n is 9 N0. In comparison with
the case of the diameter D=6 nm in figure 6(a), the peak value of g(E) decreases substantially. Further, the photon energy
is still in the range of infrared range and shows the redshift compared with figure 6(a). Through the analysis, in figure 6(b),
the first and large gain peak also originates from the optical transition e1/20 ⇒h1/20 and e−1/20 ⇒h−1/20 , while a second and small
gain peak will appear gradually as the increase of ∆n. This small peak locates at the photon energy E≈1.004 eV, and is from
the optical transition e1/20 ⇒h1/22 and e−1/20 ⇒h−1/22 . Figure 6(c) is the same as figures 6(a) and 6(b), respectively but for the
diameter D=18 nm. In figure 6(c), the large peak value of g(E) and the photon energy further decreases and shows redshift,
respectively in comparison to the condition in figure 6(b), and similar to the cases in figures 6(a) and 6(b), we can also analyze
the contribution of the optical transition to each peak. In figure 6(d), the energy difference ∆E1eh between the first electron state
e
1/2
0 and the first hole state h
1/2
0 at the Γ point as a function of the diameter D is presented. We can see that ∆E
1
eh decreases
obviously as the increase of D due to the reduction of quantum confinement effect, which also matches the redshift of energy
corresponding to the peak gain in figures 6(a), 6(b) and 6(c). Therefore, according to the above analysis of the optical gain
spectra along z direction with three different diameters, we can conclude that there is almost no optical gain even though the
injected carrier density ∆n is 4×1019 cm−3 when Nd=0, which is due to the characteristics of the carrier preferential filling of
Ge L-valley. As stated in previous section, the free-carrier absorption (FCA) loss must be taken into account for the heavily
doped Ge nanowires. Figure 7(a) shows the peak gain along z direction, free-carrier absorption (FCA) loss and net peak gain
of Ge nanowires as a fuction of injected density ∆n with D=6 nm and T=300 K when Nd=0. From the figure, we can clearly
see that FCA loss almost increases linearly as the increase of ∆n, because more electrons will fill the Γ-valley, and the electron
concentrations NΓe at the Γ-valley in formula (14) will increase if the injected density ∆n increases. FCA loss is greater than
peak gain when ∆n is less than 5×1019 cm−3, while as the further increase of ∆n, FCA loss will become less than the peak
gain, which means that the transparent injected density is in the range 4∼5×1019 cm−3 when D=6 nm and Nd=0. Figures 7(b)
and 7(c) are the same as figure 7(a) but for the diameter D=12 nm and 18 nm, respectively. Obviously, although the peak gain
will increase when ∆n increases from 4×1019 cm−3 to 9×1019 cm−3, the peak gain will always be less than FCA loss, which
means that the negative net peak gain will be encountered when Nd=0 and D=12 nm or 18 nm. The reason is that the peak
gain decreases sharply, while FCA loss change a little as the increase of D. We also analyze the optical gain along x direction,
and the results show that the first peak gain along x direction with D=6 nm, 12 nm and 18 nm is all less than corresponding
FCA loss even though ∆n increases to 9×1019 cm−3.
Secondly, we will discuss the case that the doping concentration Nd is not equal to 0. Figure 8(a) demonstrates the optical
gain along z direction as a function of the injected density ∆n with D=6 nm when Nd is fixed to 8×1019 cm−3. It can be seen
that the optical gain is nearly zero when ∆n=0.8×1019 cm−3 and will become larger than 0 from ∆n=1.6×1019 cm−3. When
∆n increases to 2.8×1019 cm−3, the peak gain is about 9355.15 cm−1 at the photon energy E≈1.1264 eV, which corresponds
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Figure 6. (a) The optical gain spectra of Ge nanowires along z direction as a fuction of the injected density ∆n with the
diameter D=6 nm and the temperature T=300 K when the doping concentration Nd=0; (b) and (c) are the same as (a) but for
the diameter D=12 nm and 18 nm, respectively; (d) The energy difference ∆E1eh at the Γ point between the ground electron
state and hole state as a function of the diameter D.
to the optical transition e1/20 ⇒h1/20 . The optical gain along z direction with D=12 and 18 nm as a function of ∆n are also
presented in figures 8(b) and 8(c). In figure 8(b), we find that the peak gain is about 2880.75 cm−1 at the photon energy
E≈0.9343 eV when ∆n increases to 2.8×1019 cm−3, while the peak gain is about 1840.00 cm−1 with the largest ∆n in figure
8(c), which is less than the corresponding peak gain with the same injected carrier density in figure 8(b). Furthermore, we
also calculate the optical gain along z direction as a function of Nd when ∆n is fixed, and the results are displayed in figure
9. In figure 9(a), the peak gain is very small when Nd is 4×1019 cm−3, then the peak gain increases rapidly as the increase
of Nd , which can reach to about 9355.15 cm−1 if Nd is 8×1019 cm−3. In figures 9(b) and 9(c), the diameter D are 12 nm and
18 nm, respectively, we can find that the peak gain will increase slowly as the increase of Nd . Considering FCA loss, the net
peak gain as functions of the diameter D and doping concentration Nd is domenstrated in figure 10 when the injected carrier
density ∆n=2.8×1019 cm−3 is fixed. We can see that there is a positive net peak gain with D=6 nm when Nd is slightly larger
than 5×1019 cm−3, and the net peak gain can increase to about 8100.20 cm−1 as the increase of Nd . However, as the increase
of D, the transparent doping concentration will increase. It can be clearly found that the transparent doping concentration
can be up to about 6.5×1019 cm−3 as D increases to 14 nm, while if D=18 nm, the net peak gain becomes negative even
though Nd is 8×1019 cm−3, because in this case, the peak gain decreases to about 1840.00 cm−1, which is smaller than the
corresponding FCA loss. Therefore, from figure 10, we can understand that it is getting harder to obtain positive net optical
gain along z direction as the increase of D, and the reason is that the peak gain will decrease as the increase of D when the
doping concentration Nd and injected carrier density ∆n keep the same. Let us recall figures 7(b) and 7(c), when the doping
concentration Nd=0, the negative net peak gain is encountered no matter what the carrier density is injected when the diameter
D is 12 nm or 18 nm. While in figure 10, we can obtain positive peak gain even though the diameter D is larger than 12 nm.
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Figure 7. (a) The peak gain along z direction, free-carrier absorption (FCA) loss and net peak gain of Ge nanowires as a
fuction of the injected density ∆n with the diameter D=6 nm and the temperature T=300 K when the doping concentration
Nd=0; (b) and (c) are the same as (a) but for the diameter D=12 nm and 18 nm, respectively.
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Figure 8. (a) The optical gain spectra of Ge nanowires along z direction as a fuction of the injected density ∆n with the
diameter D=6 nm and the temperature T=300 K when the doping concentration Nd=8×1019 cm−3; (b) and (c) are the same
as (a) but for the diameter D=12 nm and 18 nm, respectively.
Because in the latter case, the hole concentration is equal to ∆n, which is smaller than that of the former case. In addition,
FCA loss relates to the hole concentration, as shown in formula (14), which causes the FCA loss of the latter case to be smaller
than that of the former case, thus a positive net peak gain is more likely to occur in the latter case.
Summary
In a word, the electronic structures of the indirect-band-gap Ge nanowires are calculated via the effective-mass theory. Es-
pecially, for the first time, the energies of the electron states at the [111] L-valley are solved by using the Bessel function
expansion method, which is important for understanding the optical properties of Ge nanowires because the injected electrons
will fill the L-valley firstly. The calculated results show that the energy-wave vector dispersion relation at the L-valley is
almost parabolic regardless of the diameter is 6 nm or 18 nm. Further, the density of states and direct-band-gap optical gain
along z direction are calculated on account of the electron and hole states at the Γ-valley and L-valley. We find that, due to the
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Figure 10. (a) The net peak gain of Ge nanowires along z direction as fuctions of the doping concentration Nd and the
diameter D when the injected density ∆n=2.8×1019 cm−3 is fixed.
eight-fold degeneracy of each state at the L-valley, the conduction band DOS is mainly from the L-valley. The calculations
of the optical gain spectra show that the gain peak locates in the infrared range, and there is almost no optical gain even
though the injected carrier density is 4×1019 cm−3 when the doping concentration is zero. In this case, the negative optical
gain will be encountered considering FCA loss of Ge nanowires as the increase of the diameter. Meanwhile, the optical gain
along z direction as functions of the doping concentration and injected carrier density are also calculated when the doping
concentration is not zero, and FCA loss is also taken into account. The results show that a positive net peak gain is most likely
to occur in the heavily doped Ge nanowires with smaller diameters. Our theoretical studies are helpful for the applications of
Ge nanowires in the field of microelectronics and optoelectronics.
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Appendix
In the Hamiltonian H [111]L at the [111] L-valley, we should express the operators k1 and k2 in following cylindrical coordinate
because the nanowires is confined in (r,θ ) plane.
k1 =
1√
2
(kx + ky) =− i√
2
(
∂
∂x
+
∂
∂y
)
=− i√
2
[(
cos(θ )+ sin(θ )
) ∂
∂ r
+
(
cos(θ )− sin(θ ))
r
∂
∂θ
] (20)
k2 =
1√
2
(−kx + ky) =− i√
2
(− ∂
∂x
+
∂
∂y
)
=− i√
2
[(− cos(θ )+ sin(θ )) ∂
∂ r
+
(
cos(θ )+ sin(θ )
)
r
∂
∂θ
] (21)
Therefore, the operators k21 and k
2
2 can be written as
k21 =−
1
2
[(
1+ sin(2θ )
) ∂ 2
∂ 2r
+ 2cos(2θ )
(1
r
∂ 2
∂ r∂θ
− 1
r2
∂
∂θ
)
+
(
1− 2sin(2θ ))(1
r
∂
∂ r
+
1
r2
∂ 2
∂ 2θ
)] (22)
k22 =−
1
2
[(
1− sin(2θ )) ∂ 2
∂ 2r
− 2cos(2θ )(1
r
∂ 2
∂ r∂θ
− 1
r2
∂
∂θ
)
+
(
1+ 2sin(2θ )
)(1
r
∂
∂ r
+
1
r2
∂ 2
∂ 2θ
)] (23)
We can see that there are trigonometric functions sin(2θ ) and cos(2θ ) in the operators k21 and k
2
2, which will couple m− 2, m
and m+ 2 order Bessel functions because the following relations
sin(2θ ) =
1
2i
(
e2iθ − e−2iθ), cos(2θ ) = 1
2
(
e2iθ + e−2iθ
)
(24)
Similarly, there is trigonometric functions sin(θ ) and cos(θ ) in the operators k1 and k2, which will couple m−1, m and m+1
order Bessel functions. Obviously, there are three parts in the operator k21, namely,
P1 =−12
(
1+ sin(2θ )
) ∂ 2
∂ 2r
(25)
P2 =−cos(2θ )
(1
r
∂ 2
∂ r∂θ
− 1
r2
∂
∂θ
)
(26)
and
P3 =−12
(
1− 2sin(2θ ))(1
r
∂
∂ r
+
1
r2
∂ 2
∂ 2θ
)
(27)
we must calculate the matrix elements 〈n′,m′|P1|n,m〉, 〈n′,m′|P2|n,m〉 and 〈n′,m′|P3|n,m〉, where |n,m〉=An,m jm(kmn r)eimθ , m
and m′ denote the order of the Bessel functions, and n and n′ denote the zero points of the Bessel functions.
First of all, the matrix elements 〈n′,m′|P1|n,m〉 can be expressed as
〈n′,m′|P1|n,m〉= i162piR
2(kmn )
2(I1)
(
δm,m′−2− δm,m′+2+ 2iδm,m′
)
(28)
where
I1 = An′,m′An,m
∫ 1
0
jm′(α
m′
n′ r)
[
jm−2(αmn r)+ jm+2(α
m
n r)− 2 jm(αmn r)
]
rdr (29)
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Secondly, the matrix elements 〈n′,m′|P2|n,m〉 can be expressed as
〈n′,m′|P2|n,m〉=
[− i
4
2piRm(kmn )(I2)+
i
2
2pim(I3)
](
δm,m′−2+ δm,m′+2
)
(30)
where
I2 = An′,m′An,m
∫ 1
0
jm′(α
m′
n′ r)
[
jm−1(αmn r)− jm+1(αmn r)
]
dr (31)
I3 = An′,m′An,m
∫ 1
0
jm′(α
m′
n′ r) jm(α
m
n r)
dr
r
(32)
Finally, the matrix elements 〈n′,m′|P3|n,m〉 can be expressed as
〈n′,m′|P3|n,m〉=
[ i
8
2piR(kmn )(I2)−
i
4
2pim2(I3)
](− δm,m′−2+ δm,m′+2+ 2iδm,m′) (33)
During the calculation of the above three matrix elements, the following relation of the Bessel function is used
d jm(k
m
n r)
dr
=
1
2
(
kmn
)[
jm−1(kmn r)− jm+1(kmn r)
]
(34)
Apart from the operator k21, there are two operators k
2
2 and k1 in Hamiltonian H
[111]
L . Obviously, the expression of the
operator k22 is very close to that of the operator k
2
1, and we can infer the matrix elements of k
2
2 . The matrix elements of the
operator k1 can be expressed as
〈n′,m′|k1|n,m〉=− 2piR2(kmn )(I4)
[(1+ i)
4
√
2
δm,m′−1+
(−1+ i)
4
√
2
δm,m′+1
]
+
2piRm(I5)
[ (1+ i)
2
√
2
δm,m′−1+
(1− i)
2
√
2
δm,m′+1
] (35)
where
I4 = An′,m′An,m
∫ 1
0
jm′(α
m′
n′ r)
[
jm−1(αmn r)− jm+1(αmn r)
]
rdr (36)
I5 = An′,m′An,m
∫ 1
0
jm′(α
m′
n′ r) jm(α
m
n r)dr (37)
Finally, the energies of the electron states at the [111] L-valley can be solved numerically.
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